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Abstract 

Some general properties of compatible Poisson brackets of hydrodynamic type are 
discussed, in particular: 

— an invariant differential-geometric criterion of the compatibility based on the Ni- 
jenhuis tensor; 

— the Lax pair with a spectral parameter governing compatible Poisson brackets in 
the diagonalizable case; 

— the connection of this problem with the class of surfaces in Euclidean space which 
possess nontrivial deformations preserving the Weingarten operator. 
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1 Introduction 



In 1983 Dubrovin and Novikov J2] introduced the Poisson brackets of hydrodynamic type 

{F, G} = I dx (1) 

denned by the Hamiltonian operators A %3 of the form 

4*=^ + irvu. (2) 

They proved that in the nondegenerate case (det gV / 0) the bracket (Q), (|) is skew- 
symmetric and satisfies the Jacobi identities if and only if the metric g %3 (with upper 
indices) is flat, and T J sk are the Christoffel symbols of the corresponding Levi-Civita con- 
nection. 

Let us assume that there is a second Poisson bracket of hydrodynamic type defined on 
the same phase space by the Hamiltonian operator 

Aij = ~9 ij ^+~ b >*> ~4 = -~9 iS ?L (3) 

corresponding to a flat metric g 13 . Two Poisson brackets (Hamiltonian operators) are 
called compatible, if their linear combinations A 13 + \A l] are Hamiltonian as well. This 
requirement implies, in particular, that the metric g" 13 + \g 13 must be flat for any A (plus 
certain additional restrictions). The necessary and sufficient conditions of the compatibil- 
ity were first formulated by Dubrovin HI, (see [[0|, [19] for further discussion). In sect. 



2 we reformulate these conditions in terms of the operator r*- = g ls g s j (Theorem 1) which, 

f 1 

N) k = r s 3 d s rl - r s k d s r) - r^rf - d k r]) = 



in particular, imply the vanishing of the Nijenhuis tensor of the operator rj 



(sec [0, |19|). 

Examples of compatible Hamiltonian pairs naturally arise in the theory of Hamiltonian 
systems of hydrodynamic type — see e.g. [|l|, |14]], |l5[, |2l|], |22|], pq] . Dubrovin developed 
a deep theory for a particular class of compatible Poisson brackets arising in the framework 
of the associativity equations Jq], Q. Compatible Poisson brackets of hydrodynamic type 
can also be obtained as a result of Whitham averaging (dispersionless limit) from the local 
compatible Poisson brackets of integrable systems Q, ||, j|], |2^], p4[, | |10||, |26||. Some 
further examples and partial classification results can be found in |10([ , |21| , |23)| , [18], 



If the spectrum of is simple, the vanishing of the Nijenhuis tensor implies the ex- 
istence of a coordinate system where both metrics g 13 and g 13 become diagonal. In these 
diagonal coordinates the compatibility conditions take the form of an integrable reduction 
of the Lame equations. We present the corresponding Lax pairs in sect. 3. Another ap- 
proach to the integrability of this system has been proposed recently by Mokhov [EH] by 



an appropriate modification of Zakharov's scheme [29|. 

The main observation of this paper is the relationship between compatible Poisson 
brackets of hydrodynamic type and hypersurfaces M n ~ l S E n which possess nontrivial 
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deformations preserving the Weingarten operator. For surfaces M 2 £ E 3 these deforma- 
tions have been investigated by Finikov and Gambier as far back as in 1933 [11], [12]. 
In sect. 4 we demonstrate that the n-orthogonal coordinate system in E n corresponding 
to the flat metric g lJ + Xg 13 (rewritten in the diagonal coordinates) deforms with respect 
to A in such a way that the Weingarten operators of the coordinate hypersurfaces are 
preserved up to constant scaling factors. In sect. 5 we discuss surfaces M 2 £ E 3 which 
possess nontrivial one-parameter deformations preserving the Weingarten operator and 
explicitly introduce a spectral parameter in the corresponding Gauss-Codazzi equations. 



2 Differential-geometric criterion of the compatibility 

To formulate the necessary and sufficient conditions of the compatibility we introduce the 
operator r*- = g ls g s j, which is automatically symmetric 

r\g sj = rig* 1 . (4) 

so that g %3 = r\g S3 = r 3 s g m = r %3 . In what follows we use the first metric g %3 for raising 
and lowering the indices. 

Theorem 1 Hamiltonian operators ^) are compatible if and only if the following 
conditions are satisfied: 

1. The Nijenhuis tensor of rj vanishes: 

N] k = rp s rl - r s k d s r) - r^rf - d k r°) = 0. (5) 



2. The metric coefficients g 13 = r v satisfy the equations 

V l V j r kl + V k V l r ij = V i V fc r j7 + V j V l r ik . (6) 

Here V = (? JS V S is the covariant differentiation corresponding to the metric g 13 . The 
vanishing of the Nijenhuis tensor implies the following expression for the coefficients b l l 
in terms of 'rj: 

2~b k j = VV fc - V J r| + V fc r<>' + 2b s k 3 r\ (7) 

In a somewhat different form the necessary and sufficient conditions of the compati- 
bility were formulated in g, [§, 01 ■ 

Remark. The criterion of the compatibility of the Hamiltonian operators of hydrody- 
namic type resembles that of the finite-dimensional Poisson bivectors: two skew-symmetric 
Poisson bivectors oj 13 and u/ J are compatible if and only if the Nijenhuis tensor of the cor- 
responding recursion operator = ui ls uj s j vanishes. We emphasize that in our situation 
operator rj does not coincide with the recursion operator. 

Proof of Theorem 1: 

Recall that in terms of g lJ and b k the conditions for the operator A to be Hamiltonian 
take the form 

26** g sj = 9 Js d s g ik + g ks d s g 13 - g™d s g k3 (8) 
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and 

g*'d.b* - g is d 8 V k + (bV - K)K k + tK s - H k K = 0, (9) 

respectively (the last condition follows from the identity g il g 3s R k ls = after rewriting it 
in terms of b^). Note that (||) is equivalent to a pair of simpler conditions 

V£ + Vk=dk9 ij , bfg S3 =V k g si . 

To write down the compatibility conditions of (||) and @, we replace g 13 and b % k 3 by the 
linear combinations 

substitute them into (||), @, collect the terms with A (terms with A 2 and A vanish since 
(H) and (§) are Hamiltonian), and equate them to zero. Thus, (||) produces the first 
compatibility condition 

2b ki g sj + 26** g sj = 

(10) 

g 3s d s g %k + g ]S d s g lk + g ks d s g 13 + g ks d s g^ — g ts d s g k i — g ts d s g k3 . 
Similarly, (^) produces the second compatibility condition 

~gjs dsb ik + gjsQjik _ ~ g is ds yjk _ gis dg yk + 

(11) 

To simplify further calculations, it is convenient to work in the coordinates where the 
flat metric g assumes the constant coefficient form g 13 = const, so that b l P = 0. In these 
coordinates the compatibility conditions (ffH), (|TT|) reduce to 



2~ b kigSj = gjSQ^ik + g ks ds ~ij _ giSQ^kj (12) 

and 

gt'dj,*- g is d s V n k = 0, (13) 

respectively. Rewriting the left-hand side of ( |l2|) in the form 2b kl g SJ = 2b kt g sl (r~ 1 y i and 
substituting the expressions for b kl g sl from (||), we arrive at 

( ~9 ls d s g tk + g ks d s f - g is d s ~9 kl )(r- l )i = g Js d s ~g ik + g ks d s g i3 - g is d s ~g k3 . 

Cancelling the underlined terms and substituting g 13 = r l s g S3 = r 3 s g sl , we obtain 

(r s p g? k d s (r l n g m ) - r' p g*d s (r l n g nk ))(r- 1 Y l = g ks d s (r 3 n g ni ) - g is d s (r 3 n g nk ) , 

or 

(r s p g pk g ni d s r l n - r^V^Kr" 1 )/ = g ks g m d s r 3 n - g ls g nk d s r 3 n . 
Contraction with rj 1 results in 

pk n ni Sf) m _ pi nk sa r m _ ks ni mfj j _ is nk mf) j 

y y 1 p u s' n y y 'p u s'n ~y y 'j u s' n y y 'j u s' n 
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which is equivalent to 

<f VV^C - <d s r™ ~ rfd p ri + rfd n ri p ) = 0, 

implying the vanishing of the Nijenhuis tensor. 

To establish the second identity (|9|), we will make use of the formula (|7|) for the 
coefficients hi in terms of r, the proof of which is included in the Appendix (note that 
this formula is true in arbitrary coordinate system). In the coordinates where g lJ = const 
we have g ls d s = V*, 2b l 2 = VV{ — V J rjL + V^r*- 7 , so that (13) takes the form 



V J '(VV£ - V fe < + V n r ik ) - V^ VY* - V k r{ + V n H fc ) = 0. 

Cancellation of the underlined terms and contraction with g sn produces @. This com- 
pletes the proof of the Theorem. 

Remark. If the spectrum of rj is simple, condition (||) is redundant: it is automatically 
satisfied by virtue of (|5|) and the flatness of both metrics g and g. This was the motivation 
for me to drop condition (g) in the compatibility criterion formulated in ||. However, 
in this general form the criterion proved to be incorrect: recently it was pointed out by 
Mokhov |jl9[ that in the case when the spectrum of r\ is not simple the vanishing of the 
Nijenhuis tensor is no longer sufficient for the compatibility. 

3 Compatibility conditions in the diagonal form: the Lax 
pairs 

If the spectrum of rj is simple, the vanishing of the Nijenhuis tensor implies the existence 
of the coordinates R 1 , . . . , R n in which the objects rj, , g^ become diagonal. Moreover, 
the z-th eigenvalue of depends only on the coordinate R 1 , so that r!- = diag{r]i), g^ = 
diag(g tl ), g %3 = diag(g a rji) where rji is a function of R 1 . This is a generalization of 
the analogous observation by Dubrovin || in the particular case of compatible Poisson 
brackets originating from the theory of the associativity equations. Introducing the Lame 
coefficients Hi and the rotation coefficients by the formulae 

^ = ^0-= diHj = fcHi, (14) 

we can rewrite the zero curvature conditions for the metric g in the form 

dkPij = PikPkj, (15) 

diPij + djfiji + PkiPkj = 0. (16) 

The zero curvature condition for the metric g imposes the additional constraint 

1 1 

rjidiPij + VjdjPji + -Vi'&aij + ^Vj'Pji + zl VkPkifikj = 0, (17) 



resulting from ( |iq ) after the substitution of the rotation coefficients = fyj yTji/ rjj of the 
metric g. As can be readily seen, equations (|i~6|) and (^) already imply the compatibility, 
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so that in the diagonalisable case condition (^) of Theorem 1 is indeed superfluous. Solving 
equations (|l~6|), (|i~7|) for difyj, we can rewrite (|l5|)-(^7|) in the form 

dkPij = PikPkj, 

(18) 

diPij = \r}^— rji^j + \ rjj — r\i ^ ^k^i,j rjj — rji PkiPkj- 

It can be verified by a straightforward calculation that system (^) is compatible for any 
choice of the functions r]i(R l ), and its general solution depends on n(n — 1) arbitrary 
functions of one variable (indeed, one can arbitrarily prescribe the value of fyj on the j-th 
coordinate line). Under the additional "Egorov" assumption /3y = (3ji, system ( |l8| ) reduces 
to the one studied by Dubrovin in Q. For n > 3 system (|l^) is essentially nonlinear. Its 
integrability follows from the Lax pair 

dj^i=piji>j, dilpi = ~777T~~: s^i \ + Vk l^kilpk (19) 

l \ A + Vi) kjLi * + Vi 

with a spectral parameter A (another demonstration of the integrability of system ( |l9| ) 
has been proposed recently in p(j] by an appropriate modification of Zakharov's approach 
)• 

Remark. In fact, the Lax pair (|l9|) is gauge-equivalent to the equations 



(g lk + \g lk )d k d^ + (If + Xbf)d^ = 

for the Casimirs / ipdx of the Hamiltonian operator A 13 + \A %3 . 

After the gauge transformation = ipi/^X + rji the Lax pair (|i~9| ) assumes the mani- 
festly skew-symmetric form 



djVi = \ T-y-^ PijVj, dupi = - YV X \ + , Vk PkWk, (20) 
V A + Vj V A + Vi 

which is of the type discussed in (jig] . Thus, we can introduce an orthonormal frame 
if i, <p n in the Euclidean space E n satisfying the equations 



d m = \ T-^- Ptj'Pj, dm = \V nk Pki<Pk, (<pi, <fj) = Sij. (21) 
V A + Vj k ^ V A + Vi 

Let us introduce a vector r such that 

dir = <Pi 

(the compatibility of these equations can be readily verified). In view of the formula 

(dif,djr) = 1 5^, 
X + Vi 
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the radius- vector r is descriptive of an n-orthogonal coordinate system in E n corresponding 
to the flat metric 

Geometrically, (pi are the unit vectors along the coordinate lines of this n-orthogonal 
system. 

Let us discuss in some more detail the case r\i = const = q, in which system takes 
the form 

dkPij = PikPkj, 

(22) 

One can readily verify that the quantity 

k^i 

is an integral of system (^), namely, djPi = for any i ^ j, so that Pi is a function of 
R\ Utilising the obvious symmetry R % — > Si(R l ), fiki Pki/s'i(R l ) of system (^2|) , we 
can reduce Pi to ±1 (if nonzero). Let us consider the simplest nontrivial case n = 3, Pi = 
P 2 = 1, p 3 = -1: 

Pi = (c 2 " + (c 3 - = 1, 

P 2 = ( Cl - C2 )/?2 2 + ( C3 _ C2)/3 | 2 = 1; 

P 3 = (ci - c 3 )/3 1 2 3 + (c 2 - c 3 )/3 2 2 3 = -1. 
Assuming C3 > C2 > c\ and introducing the parametrization 

(3 2 i = sin p/y/c 2 - ci, /?3i = cos p/^c 3 - ci, 
/3 12 = sinh g/ ^c 2 - ci, /? 32 = cosh <?/ Vc 3 - c 2 , 



/3i 3 = sin r/ Vc 3 - ci, /3 23 = cos r/Vc 3 - c 2 , 
we readily rewrite (|22[ ) in the form 

d\q = fi\ cosp, c\r = — m ship, 

<9 2 p = — /i 2 cosh 5 2 r = fi 2 sinh q, 

<%P = fJ-3 cos r, <9 3 <? = u 3 sin r, 

where 



/ c 3 - c 2 / c 3 - ci / c 2 - Cl 

Ml = 1/7 77 7> M2 = i/7 77 7' ^3 



(c 2 - ci)(c 3 - ci)' V (c 2 - ci)(c 3 - c 2 )' V (c 3 - ci)(c 3 - c 2 )' 
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After rescaling, this system simplifies to 

d\q = cosp, d\r = — smp, 

&2P = — cosh q, &2r = sinhg, (23) 

d 3 p = cos r, dsq = sin r. 

Expressing p and r in the form p = arccosf^ig 1 , r = arcsinc^g, we can rewrite ( |23| ) as a 
triple of pairwise commuting Monge- Ampere equations 

di&2q = cosh qyl — d\q 2 , 
did 3 q = - di^V 1 - d 3 q 2 , 

d2d 3 q = sinhgVl - d 3 q 2 . 

Similar triples of Monge-Ampere equations were obtained in M in the classification of 
quadruples of 3 x 3 hydrodynamic type systems which are closed under the Laplace trans- 
formations. However, at the moment there is no explanation of this coincidence. 



4 Deformations of n-orthogonal coordinate systems induc- 
ing rescalings of the Weingarten operators of the coordi- 
nate hypersurfaces 



We have demonstrated in sect. 3 that the radius-vector f(R , ...,R n ) of the n-orthogonal 

coordinate sys 
the equations 



H 2 

coordinate system in E n corresponding to the flat diagonal metric J2i \+ {dR l ) satisfies 



where the infinitesimal displacements of the orthonormal frame (pi are governed by 



V A + Vj kjki V A + Vi 

Since our formulae depend on the spectral parameter, we may speak of the "deformation" 
of the n-orthogonal coordinate system with respect to A. To investigate this deformation 
in some more detail, we fix a coordinate hypersurface M n ~ l C E n (say, R n = const). Its 
radius- vector f and the unit normal (p n satisfy the Weingarten equations 

difin = ^rV^ + Vn dir, i = l,...,n-l, 
Hi 

implying that 

A 
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are the principal curvatures of M n_1 . Since r/ n is a constant on M n_1 , our deformation 
preserves the Weingarten operator of M n_1 up to a constant scaling factor \f\ + rj n (we 
point out that the curvature line parametrization Br, ...,i2 n_1 is preserved by a construc- 
tion). Thus, compatible Poisson brackets of hydrodynamic type give rise to deformations 
of n-orthogonal systems in E n which, up to scaling factors, preserve the Weingarten oper- 
ators of the coordinate hypersurfaces. If we follow the evolution of a particular coordinate 
hypersurface M n_1 , this scailing factor can be eliminated by a homothetic transformation 
of the ambient space E n , so that we arrive at the nontrivial deformation of a hypersur- 
face which preserves the Weingarten operator. However, this scaling factor cannot be 
eliminated for all coordinate hypersurfaces simultaneously. 

5 Surfaces in which possess nontrivial deformations pre- 
serving the Weingarten operator 

Interestingly enough, the problem of the classification of surfaces M 2 £ E 3 which pos- 
sess nontrivial deformations preserving the Weingarten operator has been formulated by 



Finikov and Gambier as far back as in 1933 [11], [12]. Among other results, they demon- 



strated that the only surfaces possessing 3-parameter families of such deformations are 
the quadrics, conformal transforms of surfaces of revolution and all other surfaces having 
the same spherical image of curvature lines (if surfaces have the same spherical image 
of curvature lines or, equivalently, related by a Combescure transformation, they can be 
deformed simultaneously) . 

In this section we discuss surfaces which possess 1-parameter families of such deforma- 
tions. Let M 2 G E 3 be a surface parametrized by coordinates Rr,R 2 of curvature lines. 
Let 

GuidR 1 ) 2 + G 2 2(dR 2 ) 2 (24) 

be its third fundamental form (or metric of the Gaussian image, which is automatically 
of constant curvature 1). Let kr,k 2 be the radii of principal curvature satisfying the 
Peterson-Codazzi equations 

d 2 k l _ rpz — d\k 



k 2_ k i- d ^V^[i p— — p = <h l n V^22 • (25) 
Suppose there exists a flat metric 

guidR 1 ) 2 + g 22 {dR 2 ) 2 (26) 

such that 

Gii = 311 A/i, G 22 = g 22 /r] 2 , (27) 

where 771, rj 2 are functions of R 1 , R 2 , respectively. One can readily verify that under these 
assumptions the metric 

GnidR 1 ) 2 + G 22 (dR 2 ) 2 = -^(dR 1 ) 2 + -^(dR 2 ) 2 (28) 

A + 771 A + 772 

has constant curvature 1 for any A. Since equations ( p5| ) are still true if we replace Ga by 

It 



Ga, we arrive at a 1-parameter family of surfaces M 2 with the third fundamental forms 
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(which depend on A) and the principal curvatures A: 1 , A; 2 (which are independent 
of A). Hence, the Weingarten operators of surfaces M 2 coincide. The problem of the 
classification of surfaces which possess 1-parameter families of deformations preserving 
the Weingarten operator is thus reduced to the classification of metrics (|2^) which have 
constant Gaussian curvatures 1 for any A. Any such metric generates an infinite family of 
deformable surfaces whose principal curvatures k 1 ,k 2 satisfy (|25|) . In terms of the Lame 
coefficients Hi = ^/gn, H2 = \Jg22 and the rotation coefficients f3\2 = d\H2/H\, $21 = 
Q2H1IH2 our problem reduces to the nonlinear system 

d\H2 = P12H1, d2H\ = P21H2, 



diPu + d 2 p2i = 0, 



(29) 



VidiPu + mhfoi + W1P12 + W2P21 + H X H 2 = 0, 



which possesses the Lax pair 



( 













V 
















Geometrically, this Lax pair governs infinitesimal displacements of the orthonormal frame 
of the orthogonal coordinate system on the unit sphere S 2 , corresponding to the metric 
(E8|). In 2 x 2 matrices it takes the form 



2VX + m dxijj 



-Hi -i^X + 



1>, 



-VX+rji(3i2 
Ho 



H 2 

y/X + 771^12 



Remark. In 0] we established a one-to-one correspondence between surfaces possess- 
ing nontrivial deformations preserving the Weingarten operator and multi-Hamiltonian 
systems of hydrodynamic type. Indeed, let us introduce the Hamiltonian operator 



associated with the flat diagonal metric (26), and the nonlocal Hamiltonian operator (see 

0) 
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associated with the diagonal metric ( |24| ) of constant curvature 1 (these operators are 
compatible by virtue of (p7|)). According to the results of Tsarev J27j, p8| , equations (P5[) 
imply that the systems of hydrodynamic type 

R l t =k\R)Rl, R 2 t =k 2 (R)R 2 x 

are automatically bi-Hamiltonian with the respect to both Hamiltonian structures. Char- 
acteristic velocities of these systems are the radii of principal curvature of the correspond- 
ing surfaces. 

The results of this section generalise in a straightforward way to multidimensional 
hypersurfaces M n ~ l G E n . 

6 Appendix: formula for b^ 

To verify formula ((^), it suffices to check the identities 

&i?' + &r = fc r« (30) 
bf r sj = b> k r si . (31) 
Substituting the expression for the covariant derivative 

V k r ij = d k rv -V*ri-b%ri 

into (Q), we readily obtain 

2&?' = (W fe - V'rj + b'jr\ - b s M) + d k rv, 

where the expression in brackets is skew-symmetric in This proves (j3C|). 
To verify (|3l|), we first rewrite it in the form 

(VV s fc - V k r\ + V s r ik + 2b lk r\ )r sj = (V j r k - V k r{ + V s r jk + 2b lk rj )r s \ (32) 

Since b lk r\r s i = b lk gar t% r s i = —Y k s r tl r s ^, the underlined terms cancel in view of the 
symmetry of T. Contracting ( |32] ) with g p jg m k9ni, we arrive at 

which, by virtue of the identity r ms r S3 = r^r^, transforms to 

9pir l s (y n r s m ~ V m <) + r s p V s r mn = g n ir l s (V p r s m - V m r s p ) + r s n V s r mp . 
In view of the identity 

manifesting the vanishing of the Nijenhuis tensor (we emphasize that in (||) partial deriva- 
tives can be replaced by covariant derivatives with respect to any symmetric affine con- 
nection without changing the Nijenhuis tensor), the last equation can be rewritten as 
follows: 

9pl{ r n^ s r m ~ r mS s r n ) + r p^ s r mn = 9nl( r p^ s r m ~ r m^ s r p ) + r n V s r mp , 

or 

which is obviously an identity. This proves formula (0). 
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